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Simulations of High Knudsen Number Flows
in a Channel± Wedge Con® guration
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A rare® ed hypersonic ¯ ow through a channel containing a wedge is simulated using the combined direct simu-

lation Monte Carlo and monotonicLagrangian grid methodologieson the massively parallel Connection Machine.
Numerical issues related to the effects of resolution in terms of the simulated to actual particle ratio and the use

of time averaging to obtain a statistically converged solution are discussed. Because the ¯ ow is rare® ed, important
aerodynamic features are diffuse compared to what is expected in a continuum ¯ ow. For example, the reattach-

ment shock behind the trailing edge of the wedge degenerates into a diffuse viscous layer. Other low-density effects
include the velocity slip, which peaks near the leading edges where the density is low, and the temperature jump of

the gas adjacent to the solid surfaces, which is highest at the entrance of the channel and decreases farther down-
stream. The calculated skin friction and heat transfer agree well with the Reynolds analogy for boundary-layer

¯ ow.

Nomenclature
a = speed of sound
C = Chapman±Rubesin parameter
c f = skin-friction coef® cient
h = enthalpy
Kn = Knudsen number
L = length scale
M = Mach number
N = size of particle array
n = size of particle template
Pr = Prandtl number
p = pressure
q = heat ¯ ux
Re = Reynolds number
r = recovery factor
St = Stanton number
T = temperature
t = time
V = velocity
x , y = Cartesian positions or dimensions
D = increment
h = wedge half-angle
k = mean free path
l = viscosity
q = density
s = skin friction
Åv = hypersonic viscous interaction parameter
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Subscripts

aw = adiabatic wall
e = edge of boundary layer
i, j = indices
max = maximum length
t = template
w = wall
0 = total

1 = freestream

Introduction

U NDER transitional-¯owconditions,thegradientsof themacro-
scopic variablesbecome so steep that their scale length L is on

the order of the average mean free path k . When the local Knudsen
number, Kn = k / L , is large (Kn > 0.03), the standard Navier±
Stokes (NS) formulation cannot be used because the constitutive
relations used in the continuum formulation are not valid. Thus for
low-density conditions, it then becomes necessary to use a molecu-
lar approach, such as molecular dynamics,1 a Boltzmann equation
solution method,2 or a statistical molecular method such as direct
simulation Monte Carlo (DSMC).3

The DSMC method is an approach that has been used widely and
successfully to predict the properties of transitional-regime ¯ ows.
This regime is important in many aerodynamicproblems and is en-
counteredby hypersonicvehicles travelingat high altitudes.DSMC
has been applied extensively to describe re-entry ¯ ows,4 , 5 shock
interaction on vehicles at high altitudes,6 and chemically reacting
¯ ow.7 The monotonic Lagrangian grid (MLG)8 is an algorithm for
optimizingparticle trackingand sorting.Combining the DSMC and
the MLG eliminates the ® xed spatialgrid of the conventionalDSMC
approach and results in a method that allows automatic grid re® ne-
ment according to the local number density of the gas, which in turn
produces higher accuracy for a given grid size.9

In this paper, the combined DSMC±MLG is used on the mas-
sively parallel Connection Machines (CM-5) to examine the hy-
personic, transitional-regime ¯ ow through a channel with a wedge
on the bottom surface. In the past, there have been related studies
of hypersonic, high Knudsen number ¯ ows on ramps and cones.
For example, there have been DSMC calculations of ¯ ows over a
two-dimensional ramp that studied the pressure distribution along
the ramp surface10 and the shock/boundary-layer interactions as
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Fig. 1 Typical continuum ¯ ow® eld in the channel± wedge geometry.

a function of ramp angle.11 A study of ¯ ows over sharp cones12

showed that the wake has minimal effects on the ¯ ow properties
along the forebody of the cone, suggesting a similar behavior in
the wedge case. These studies address parts of the physics in the
problem to be analyzed.

Figure 1 is a sketch of the typical ¯ ow that would be expected
for continuumconditions.Oblique shocks start at the leading edges
of the channeland the wedge, interactwith each other, and compress
the ¯ ow above the slanted part of the wedge (the wedge forebody).
The trailing edge of the wedge acts as a backward facing step, so
that the ¯ ow expands past the step to extremely low density. The
rare® ed gas effects and the inaccuraciesof the NS formulation may
be most signi® cant in this region. Downstream of the wedge, the
¯ ow turns parallel to the channel and forms a reattachment shock.
The adversepressuregradientacross this shockcauses the boundary
layer to separate, and the ¯ ow reverses direction. Thus, a recirculat-
ing region is createdbehind the wedge.These ¯ ow features,effected
by the re¯ ected and refracted shocks, are expected to change for a
rare® ed ¯ ow.

From a ¯ uid dynamic standpoint, the channel±wedge geometry
produces a ¯ ow® eld with many important aerodynamic features
(suchas shockwaves, expansionfan, and boundary layers)and their
complex interactions,which are not yet well understoodfor rare® ed
conditions.This study shows the effectsof rare® ed conditionson the
¯ ow structuresby comparing the computationalresultsqualitatively
to what would be expected in a continuum ¯ ow in Fig. 1. Distribu-
tions of macroscopic properties in the ¯ ow® eld are examined. The
shear stress and thermal loadingon the solid surfacesare calculated,
and their relationship in terms of the Reynolds analogy is shown.
The computed results are then compared to existing theoretical and
computationaldata.

From an algorithmic standpoint, the problem studied here ex-
pands the application of DSMC±MLG to more complex geometry
than the channel ¯ ows for which it was previously used. It is thus
possible to test and develop aspects of the combined method and
arrive at more speci® c information on the requirements for the re-
ductionof statistical scattering.We also describedetailed resolution
tests in which the grid is successively re® ned and the solutions are
compared.

Computational Method
A detailed description of the conventional DSMC method can

be found in the published literature.3 The MLG8 is a method for
managing very large data structures.The technique ensures that the
systemofparticlesare in MLG order.That is, in this system,particles
that are close in physical space are also close in array index space,
and each template is made up of particles that are nearest neighbors.
The MLG was combinedwith the DSMC resulting in a method that
allows automaticgridadaptationbasedon the localnumberdensities
in the gas.9

A recentparallelizationof theDSMC±MLG dramaticallyreduced
thecomputationaltime,13 makingapplicationsof themethodto more
complex ¯ ows possible. The current DSMC±MLG code optimizes
the grid by using stochastic grid restructuring(SGR) to ® nd the best

grid for the problem considered.14 , 15 The current code has been
validatedby comparing the results obtained to conventionalDSMC
computationsby Bird for the Rayleighproblem,4 , 9, 13 the theoretical
oblique shock angles for the low Knudsen number limit in hyper-
sonic ¯ ows,16 and the theoreticalMott±Smith ratio of the mean free
path to the shock thickness for a monotonic gas.16

Computationalspeedand theDSMC±MLG havebeenextensively
described in the literature.Cybyk et al.9 showed that serial DSMC±
MLG is, indeed, slower than the conventional DSMC approach in
standardsimpli® ed test problems.However, there are signi® cant ad-
vantageseven in the serial form for more complexproblems,such as
those that requiregrid adaptivityto resolvehigh gradientsor moving
bodies. In the DSMC±MLG, there is, by de® nition, always enough
particles in each cell to maintain optimal collision statistics.9 Oh
et al.13 showed very high parallel ef® ciencies and speed ups of two
orders of magnitude or more compared to the serial DSMC±MLG,
and the ef® ciency increases dramatically as the number of parti-
cles increases. DSMC±MLG computations are scalable and allow
simulations of millions of particles for engineering computation.

Grid Resolution and Convergence Studies
Figure 2 shows the geometry and the boundaryconditionsfor the

channel±wedge ¯ ow, and Table 1 is a summary of the ¯ ow condi-
tions. The computational domain consists of a rectangular channel
and a small freestream section upstream of the leading edges of the
channel.A wedge, with half-angle h , is placedon the bottom surface
of the channel downstream from the leading edge. The channel is
® lled with rare® ed helium gas.

The ¯ ow is initialized at Mach 5 everywhere. The wall surfaces
are modeled as fully diffused boundaries. The upper and lower
boundariesof the freestream section ahead of the channel are spec-
ularly re¯ ecting. In the original applications of the DSMC±MLG,
the in¯ ow±out¯ ow boundary condition was applied in index space.
The result was that the downstream boundary could move and be-
came distorted in physical space during the simulation.17 However,
because it is most useful to ® x the length of the system a priori,
a new in¯ ow±out¯ ow boundary condition was developed for this
application.15 In this new approach, after the particles are moved
for a timestep, those particles that cross over a prescribed bound-
ary are reintroduced at the in¯ ow by resetting their velocities to
freestream values and distributing them at random locations at the
in¯ ow boundary.As a result, the total number of simulated particles
is kept constant for all times, the total molecular mass in the system
is conserved,and the length of the system stays constant throughout
the simulation. With this boundary condition, the in¯ ow density is

Table 1 Flow conditions for the channel-wedge simulation

Flow condition
De® nition parameter Value

Length of channel xmax 35 cm
Height of channel ymax 7.5 cm
Wedge half-angle h 10 deg

Freestream density q ug 0.95 £ 10 ¡ 9 g/cm3

Freestream temperature T1 273 K
Freestream Mach number M 1 5
Wall temperature Tw 273 K
Freestream mean free path k ug 2.87 cm
Knudsen number Kn 0.38
Number of particles/template Nt 6 £ 6

Fig. 2 Schematic of the channel± wedge ¯ ow numerical experiment.
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allowed to vary during the initial transient state, but it eventually
settles to a steady-state value. For our case, the in¯ ow density set-
tles at 0.95 £ 10¡ 9 g/cm3, and the Knudsen number based on the
channel height is 0.38, which is in the transitional ¯ ow regime.

Initial simulations showed what appeared to be a choked ¯ ow,
with a normal shock standing near the inlet of the channel.17 This
phenomenon in channel ¯ ow is also a common experimental prob-
lem. Now we initialize the calculationwith molecularvelocities that
are a slight amount (3%) above those that subsequently ¯ ow into
the channel. This method is very similar to common experimental
practices used to overcome choked ¯ ows that often occur in super-
sonic nozzles, where the initial ¯ ow velocities are slightly high and
then allowed to relax to the ® nal in¯ ow velocity.

Fig. 3 MLGs for the grid resolution study.

Fig. 4 Density contours for four grid resolutions; results are time averaged for 500 timesteps after steady state is reached.

Grid Optimization
For a given system of particles, many possible MLGs exist. The

quality of these grids can vary signi® cantly, which in turn can affect
the accuracy of the solution. It is possible to ® nd a high-qualitygrid
for a given spatial distribution of particles by using SGR.14 This
method was implemented in the DSMC±MLG, and an intensive
study was performed to obtain the optimum MLG for the channel±
wedge problem.18 The results presented in this paper are for the
optimum MLG found in Ref. 18.

Grid Resolution Study

A series of simulations of the channel±wedge problem was per-
formed to study the sensitivity of the results to the number of MLG
cells. In the MLG, a cell is a template made up of nearest neighbor
particles. We studied four different resolutions,with the number of
templates ranging from 75 £ 12 to 100 £ 18 and the number of
simulated particles ranging from 32,400 to 64,800. The grids for
the four cases are shown in Fig. 3, and the corresponding density
contours are shown in Fig. 4. The ¯ ow features obtained using the
two coarsest grids are not nearly as well resolved as those using
1504 and 1800 templates, which are very similar. The two ® nest
grids resolve all features in the ¯ ow® eld. The 1504-templategrid is
used in the material presented subsequently. It was shown that the
cell dimensions must be small compared to the scale length of the
macroscopic ¯ ow gradients.19 The averaged local Knudsen num-
bers for the four grid cases in Fig. 4 are 5.38, 5.74, 6.75, and 7.18,
respectively. Thus, the mean free path must be at least 6.75 times
that of the averaged cell dimension for accurate results. A typical
calculations of 65,000 particles took about 1500 timesteps and 20
min or less to converge on the 256 node CM-5.

Steady State and Time Averaging

Because of the high ratio of actual to simulated molecules, there
are large statistical ¯ uctuations that must be reduced to obtain a
meaningful solution. This is accomplished by time averaging the
solution once the steady state is established.The steady state is de-
termined when the main features are not changing, and ¯ uctuations
in scalar variables decrease. Using the 1504-templategrid, the ¯ ow
reaches steady state after about 1000 timesteps.The simulation was
then continued for a few hundred additional timesteps before time
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averagingwas started. As the number of averaged timesteps (or en-
sembles)increases,the statistical¯ uctuationsdecrease.The solution
reached an acceptable level of statistical scattering after averaging
about 500 timesteps.18

Analysis of the Flow® eld
Flow Features and Surface Properties

Figure 5 shows the converged solution, represented by density,
temperature, pressure, and Mach number contours, for the 1504-
template grid with 1000-timestep averaging after steady state is
reached. Even though the ¯ ow structures are diffused compared to
those shown in Fig. 1, it is still possible to identify many features.

The density contours show the boundary-layergrowth along the
solid surfaces.The thicknessof the boundary layers increasesas the
¯ ow moves downstream. Near the out¯ ow boundary, the ¯ ow ex-
pands as it leaves the channel, causing the boundary-layerthickness
to decrease. The temperature contours show the temperature of the
gas in the core of the channel is much higher than that near the walls,
which are held at a constant temperature of 273 K. As a supersonic

Fig. 5 Converged solution of the channel± wedge simulation; results
are time averaged for 1000 timesteps after steady state is reached.

a) Density b) Pressure

c) Temperature d) Magnitude of velocity

Fig. 6 Macroscopic properties along the channel± wedge solid surfaces.

¯ ow expands through a rarefaction fan, the density, temperature,
and pressure of the gas decrease. This effect is seen in the region
immediately downstream of the trailing edge of the wedge.

The pressure contours show two oblique shocks emanating from
the upper and lower leading edges of the channel and intersectingat
about 10 cm downstream of the leading edges. The oblique shock
angle is » 22 deg. This was estimated by measuring the angle of the
pressure contours at the leading edge of the channel. The pressure
contours also show that there is a third oblique shock at an angle
of » 40 deg emanating from the leading edge of the wedge. All of
these shock structures interact near the centerline of the channel
above the wedge forebody in a way similar to that shown in Fig. 1.
In the upper-halfof the channel, a refracted shock interactswith the
boundary layer near the upper wall and re¯ ects downstream. In
the lower-half of the channel, a weaker refractedshock merges with
the rarefaction region that was caused by the supersonic expansion
of the ¯ ow around the sharp cornerof the trailing edgeof the wedge.
The ¯ ow then eventually turns parallel to the wall to form a very
diffuse viscous layer downstream. In a continuum ¯ ow as in Fig. 1,
this layer would be a reattachment shock. The adverse pressure
gradientacrossthis reattachmentregioncausestheboundarylayer to
separate,and a reverse ¯ ow is developedjust behindthe trailingedge
of the wedge. The pressure reaches a local maximum at the bottom
wall near x = 33 cm as the ¯ ow crosses the reattachment layer. The
Mach number contours show a supersonic core ¯ ow between the
subsonicboundary layers and expansionnear the out¯ ow boundary.

Figure 6 shows the density,pressure, temperature,and magnitude
of velocity along the top and bottom solid surfaces of the channel.
The pressure shown is the thermodynamic pressure deduced from
the equation of state. Along the bottom surface, at about x = 5 cm,
the pressure rises sharply across the leading-edge shock and in-
creases signi® cantly along the wedge surface due to the presence
of the second oblique shock. Just ahead of the wedge trailing edge,
the pressuredrops across the rarefactionregion as the ¯ ow expands,
then increases again as the boundary layer develops. Along the top
surface, the pressure increases across the leading-edgeshock in the
same manner as along the bottom surface. The pressure then rises
markedly at about x = 15 cm due to the interactions between the
boundary layer and the refracted shock. The temperature jump is
about four times the wall temperature near the leading edge, and it
decreasesrapidlyfartherdownstream.At theentranceto thechannel,
the slip velocity is highest. As the boundary layer develops down-
stream, the velocity slip decreases and drops sharply to near zero.
A small increase in the slip velocity near the exit plane, x = 40 cm,
indicates that the ¯ ow expands as it leaves the channel.

In Fig. 7, the velocity pro® les at various locations along the x
axis show that the boundary layers begin to form at the leading edge
of the channel and grow as the ¯ ow moves downstream. There is
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Fig. 7 Velocity pro® les at various x locations along the channel.

a reverse ¯ ow (negative velocities) at the wall for 20 cm < x <
22 cm.

Comparisons of Flow Properties

For an inviscid ¯ ow, with no boundary layers and in® nitely thin
walls, the leading-edge shocks degenerate to Mach waves. For
M 1 = 5 ¯ ow, the angle of such a Mach wave would be 11.54 deg.
This is much smaller than the 22 deg of the shockangle calculatedin
this study, indicating the displacement effect of the boundary layer.
The boundary layer grows rapidly in the region of the leading edge
and acts as an effective body that bends the incoming streamlines
upward. As a result, the shock at the leading edge is nearly normal
to the surface of the channel.Across this shockat the surface, p2/ p1

is » 5, which is much smaller than the pressure rise of 29 across a
continuum normal shock. This is a consequenceof the low-density
conditions.

Figure 8 compares the surface pressureand velocitydistributions
from the presentstudy to thoseobtained from a DSMC calculation11

for a near-continuum,M 1 = 4 ¯ ow over a 20-degcompressioncor-
ner. The surface pressure is shown as a function of the nondimen-
sionalized distance x/ L f , where L f is 5 cm, the length of the ¯ at
section upstreamof the leadingedgeof the wedge. The results are in
good qualitativeagreement.Because of the higher freestreamMach
number, the pressure in the present study is consistentlyhigher than
that of Chpoun et al.11 The more rare® ed condition (K n = 0.38)
in the present work resulted in a more gradual slip in the velocity
adjacent to the surface. In contrast, the near-continuum condition
(K n = 0.0047) in Ref. 11 caused a much sharper decrease near the
leading edge of the ¯ at section. If only the ¯ at section upstream of
the leading edge of the wedge is considered, the problem reduces
to that of a semi-in® nite ¯ at plate. The peak normalized pressure
and skin-friction coef® cient near the leading edge of the ¯ at plate
section are approximately 5.5 and 0.056, respectively. This is con-
sistently lower than the values (7.9 and 0.085) obtained by DSMC
simulations of a higher density, Mach 5 ¯ ow over a semi-in® nite
¯ at plate.20

Skin Friction and Heat Transfer
The skin friction s w on thewalls of thechannelis calculatedby av-

eraging the parallelmomentum transfer of the molecules impinging

Fig. 8 Surface pressure and velocity from present study, M = 5 and
µ = 10 deg, and the simulations of Chpoun et al.,11 M = 4 and µ =
20 deg.

on the surfaces.The heat ¯ ux qw at the walls may be calculated in a
similar manner by replacingthe parallelmomentum with the energy
of the impingingmolecule. The results are presented in terms of the
dimensionless skin-friction coef® cient c f and the Stanton number
St , which are given by21

c f =
s w

1
2
q e V 2

e

(1)

and

St =
qw

q e Ve(haw ¡ hw )
(2)

The adiabatic wall enthalpy is evaluated in terms of the recovery
factor r by21

haw = he + r (V 2
e /2) (3)
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Fig. 9 Distributions of skin-friction coef® cient and Stanton number
along the top and bottom surface of the channel.

The recovery factor is taken equal to p Pr (Ref. 21). For helium,
Pr = 0.7 (Ref. 22). In this study, the freestream conditions are
assumed at the edge of the boundary layers.

The skin friction and heat transfer to the top and bottom surfaces
of the channel are shown in Fig. 9. Along the bottom surface, the
value of c f is highest near the leading edge where the high-velocity
molecules are slowed down substantially by the solid boundaries.
The skin-friction coef® cient decreases downstream, then increases
along the wedge surface, reaching a local maximum near the end
of the wedge. Behind the trailing edge of the wedge, c f becomes
negative in the recirculation region. Farther downstream, c f stays
fairly constant, with a slight increase near the exit plane where the
¯ ow expands.

Along the top surface, c f peaks near the entrance plane and de-
creasesdownstream.A localmaximumof c f occursnear x = 25 cm
as a result of the interaction between the refracted shock and the
boundarylayer adjacent to the top wall. The distributionsof Stanton
number are similar to thoseof c f . The Stantonnumber is positiveev-
erywhere, including the recirculatingregion, indicating the transfer
of heat from the ¯ ow to the walls. Figure 9 represents an averageof
1000 timesteps.These ® gures indicate that the skin friction and heat
transfer require more timestep averaging than the state properties to
obtain the same level of ¯ uctuations.

The results along the top wall agree well with those obtained by
a DSMC calculationof a hypersonic¯ ow along a ¯ at plate by Moss
et al.10 In their results, both the skin friction and heat transfer peak
near the leading edge and decrease downstream. Their peak c f is

» 0.07 compared to 0.056 for the top wall in this study, and their
peak Stanton number is 0.02, whereas it is about 0.03 for the top
wall. The quantitativedifferencesare due to the different freestream
and wall temperature conditions.

In incompressible ¯ ow theory, the Stanton number and the skin
friction coef® cient along a laminar ¯ at plate are related by the
Reynolds analogy21

St = c f
1
2
Pr¡ 2

3 (4)

where Pr is the Prandtl number. Even though the ¯ ow is hypersonic
in this study, it is useful to know how the results in Fig. 9 devi-
ate from this relation, especially because it has been observed that
ch = c f /2, where ch is based on h0 ¡ hw for rare® ed hypersonic
¯ ows over a ¯ at plate.20 Figure 10 compares two distributionsof the
Stanton number: one from the DSMC simulations (Fig. 9) and the
other calculated by substituting the computed c f into the Reynolds
analogy of Eq. (4). Along the top wall, the two distributions com-
pare very well, except for the region near the interaction between
the refracted shock and the boundary layer. Along the ¯ at section
of the bottom wall upstream of the wedge, the two distributionsare
about the same. Downstream the curves deviate due to the presence
of the wedge. These results show that the Reynolds analogy might
still be applicable for high Mach number, high-Knudsen number

Fig. 10 Comparisons of DSMC calculated and Reynolds analogy
Stanton number distributions along the top and bottom surface of the
channel.

¯ ow along ¯ at plates with the freestream and wall temperature con-
ditions similar to those in this study. Other freestream and wall
conditionsmust be investigatedbefore the Reynolds analogycan be
generalized.

Conclusion
Simulations of a rare® ed, high Knudsen number ¯ ow of helium

gas through a channel with a wedge have been performed using the
combined DSMC±MLG algorithm. These simulations were used
both to describe the ¯ ow features and their interactions under rar-
e® ed conditionsand to developand test a newapproachto the DSMC
algorithm.Because this work had a ¯ uiddynamicas well as algorith-
mic objective, an extensive series of computations was performed
for a single physical system.

The resultingcomputationspresent a highly resolvedpicture of a
¯ ow® eld that was comparedqualitativelyto what would be expected
in a continuum ¯ ow. Where possible, the results were compared
quantitativelyto theoreticalanalysis and computations.Because the
¯ ow is so rare® ed, the ¯ ow features, such as oblique shocks, rar-
efaction fan, and boundary layers, and their interactionsare diffuse.
The pressure jump across the leading-edge shock at the surface is
considerably less than that for a continuum normal shock. Down-
stream of the trailing edge of the wedge, the reattachment shock
that is typical in a continuum ¯ ow degenerates into a very diffuse
viscous layer. The effects of low-density conditions are also shown
in the slip in velocity and temperatureof the gas adjacent to the solid
surfaces, which are highest at the entrance of the channel.

The skin-friction and heat transfer calculations show that peak
shear force and thermal loading occur near the leading edges of
the channel. The effects of the wedge on the ¯ ow® eld are shown
in local maxima of skin-friction coef® cient and Stanton number
distributions on the bottom wall. In addition, viscous interactions
between the refractedshockand the boundarylayer near the topwall
result in an increase in skin friction and heat transfer. The Stanton
number distribution along the top wall compare well with that cal-
culated by the Reynoldsanalogy for incompressibleboundary-layer
¯ ow, suggesting that the Reynolds analogy might be applicable for
high-speed, rare® ed ¯ ow along ¯ at plates under conditions similar
to those in this study. These results, along with the slip velocity
and temperature jump data, provide a benchmark for testing phe-
nomenological and theoretical models that attempt to extend the
applicability of the NS equations to other ¯ ow regimes.
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